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Introduction  Structure of Materials

1.1. Structure of Materials
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Introduction  Structure of Materials

1.1. Structure of Materials

Introduction
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Introduction Understanding the Stress-Strain Curve

1.2. Understanding the Stress-Strain Curve

Introduction

The Uniaxial Tensile Test

T Load
«—QObject —»|
Load i Load
Figure from Rajendran 2011
y
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Introduction Understanding the Stress-Strain Curve

1.2. Understanding the Stress-Strain Curve

Introduction

- Ductile Material Stress-Strain Curve
Termlnology low carbon steel

@ Proportionality Limit; true curve

Strain Hardening | Necking

@ Elastic Limit; T
@ Yield Point; Propartional limit Frssit;ltre

© Ultimate Strength;
@ Fracture Point;

Ultimate Strength

Stress

@ Elongation at Failure;

Ductile Fracture

Al

Strain

Figure from Rajendran Figure from Connor 2020

2011
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Introduction Failure Mechanisms

1.3. Failure Mechanisms: Fracture

1. Introduction

“Griffith Theory” of brittle
fracture

@ Theoretical fracture stress
E __E

~ 2 — 35 (steel ~

T050)

@ Fracture occurs when
Estrain - Esu'rfaee

@ Crack propagates when
dEgstrain _ YFsurface

dL dL
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Introduction Failure Mechanisms

1.3. Failure Mechanisms: Fracture

1. Introduction

“Griffith Theory” of brittle Ductile Fracture
fracture

T t T
@ Theoretical fracture stress O
~ 2 = g5 (steel ~ 35) 538 b= o o
@ Fracture occurs when D
Est'rain - Esu'rfaee
(a) (b) () (@)

@ Crack propagates when
dEstrain — Psurface

dL dL

Ductile Fracture Rajendran 2011
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1.3. Failure

1. Introduction

“Griffith Theory” of brittle

@ Theoretical fracture stress

fracture
E _ E
5 30

@ Fracture occurs when
Estrain - Esu'rface

@ Crack propagates when

Introduction

Failure Mechanisms

Mechanisms: Fracture

(steel ~ T}%o)

Ductile Fracture

@ ®) ©

dEstrain — Bsurface Ductile Fracture Rajendran 2011
dL - dL
vy y
Sr. No Brittle Fracture Ductile Fracture
1. | It occurs with no or little plastic deformation. | It oceurs with large plastic deformation.
2. | The rate of propagation of the crack is fast. | The rate of propagation of the crack is slow.
3 It occurs suddenly without any warning. It occurs slowly.
4. | The fractured surface is flat. The fractured surface has rough contour and the
shape is similar to cup and cone arrangement.
5. | The fractured surface appears shiny. The fractured surface is dull when viewed
with naked eye and the surface has dimpled
appearance when viewed with scanning electron
microscope.
6. | It occurs where micro crack is larger. It oceurs in localised region where the
deformation is larger.
Ductile vs Brittle Fracture Rajendran 2011
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Introduction Failure Mechanisms

1.3. Failure Mechanisms: Fatigue

1. Introduction

..over 90% of mechanical failures are caused because of metal fatigue What Is Metal
Fatigue? 2021... J

Stress distribution at 56.9 kPa cabin pressure
and 1.3 g inoria loading

The De Havilland Comet The deHavilland
Comet Disaster 2019 [lecture]
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Introduction Failure Mechanisms

1.3. Failure Mechanisms: Fatigue

1. Introduction

..over 90% of mechanical failures are caused because of metal fatigue What Is Metal
Fatigue? 2021... J

a2

Fan Blade

Stress distribution at 56.9 kPa cabin pressure
and 1.3 g inoria loading
Fan Blade

No. 18

The De Havilland Comet The deHavilland
A more recent example (2021 United Airlines Comet Disaster 2019 [lecture]
Boeing 777) DCA21FA085Aspx. [video]
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Introduction Failure Mechanisms

1.3. Failure Mechanisms: Fatigue

1. Introduction

..over 90% of mechanical failures are caused because of metal fatigue What Is Metal
Fatigue? 2021... J

Fatigue Crack Propagation: Beech
Marks

- ¥

> )
Fan Blade
No. 18

AN

R
£ NS

\

) . ) et The deHavilland
A more recent exan Figure from Fatigue Physics 2024 2019 [lecture]

Boeing 777) DCA )
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1.3. Failure Mechanisms: Fatigue

1. Introduction

..over 90% of mechanical failures are caused because of metal fatigue What Is Metal
Fatigue? 2021... J

Stress, o

Time

a,
Fatigue variabler;mMegson 2013

Stress distributon at 56.9 kPa cabin pressure
and 1.3 g inoria loading

The De Hawvilland Comet The deHawvilland
Comet Disaster 2019 [lecture]
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Introduction Failure Mechanisms
1.3. Failure Mechanisms: Fatigue
1. Introduction

..over 90% of mechanical failures are caused because of metal fatigue What Is Metal
Fatigue? 2021... J

Stress, o

Time

a,
Fatigue variabler;mMegson 2013

Stress, o
Mild steel

Endurance Staes datson o 56 kPa cat pressure
/Iimil

Aluminium

alloy The De Havilland Comet The deHavilland

S Comet Disaster 2019 [lecture]
10 102 10° 10* 10° 10° 107 108 —
Number of cycles to failure

The S-n Diagram Megson 2013
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Introduction Failure Mechanisms

1.3. Failure Mechanisms: Fatigue

1. Introduction

..over 90% of mechanical failures are caused because of metal fatigue What Is Metal

iaue?
Fatigue? 2021 S-N Curves for Common Metals ( Jr and Rethwisch

2012)
Stress, o
700
I I I
600 | Ti-5A1-2.55n titanium alloy |
/\ 4340 steel
e 500 [— -
Talt &
g
= =
w400 — —
- i
Fatigue ;E; 1045 steel
Stress, o g 30— ]
M~ § Duictile cast iron
200 — 70CU-3077 brass =
I~~~ 2014-T6 Al alloy
100 |— - .
EQRIATE Mg alloy deHawvilland
L cture]
10 a | | | | |
10° 10° 10° 107 10® 10°
The S-n Cycles 1o failure, N
y
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1.3. Failure Mechanisms: Fatigue

1. Introduction

Introduction

Failure Mechanisms

..over 90% of mechanical failures are caused because of metal fatigue What Is Metal

Fatigue? 2021.
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Introduction Energy Release Rate

1.4. Energy Release Rate: Griffith’s Analysis

Introduction

il e Y s

Simplistic picture of the introduction of a crack
in a stretched specimen(Figure from sec 2.5 in Kumar
2009)

@ Because of the crack, we assume
o =~ 0 in the triangles.

o Corresponding energy loss:

o2 2a% \to?
ER = VA X (@) = T
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Introduction Energy Release Rate

1.4. Energy Release Rate: Griffith’s Analysis

Introduction

L 1 3

Simplistic picture of the introduction of a crack
in a stretched specimen(Figure from sec 2.5 in Kumar
2009)

@ Because of the crack, we assume
o =~ 0 in the triangles.

o Corresponding energy loss:
o? B 2a2\to?

ER:VAX(ﬁ)— E

Balaji, N. N. (AE, IITM) AS2070

e For thin plates, A = 5. So,

ra’to?
E

Ep =

The “creation” of a surface takes
energy. We write this as,

Es = 2(2at)y = 4aty.

Er Es
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1.4. Energy Release Rate: Griffith’s Analysis

Introduction

I

Simplistic pict
in a stretched
2009)

o Becaus

Introduction Energy Release Rate

1 ]

| Ep =

A2a
J za[z @ The “creation” of

e For thin plates, A = 5. So,

ra’to?

E

surface takes

oc~01i

o Corresponding energy loss:

ER:VAX(f)—

Food For Thought

e What would a “safe size” of crack be, for a
given loading condition? Hint: Think

incrementally

his as,

= 4datry.

Er,

o2 B 2a% \to?

2F E

a
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Introduction Energy Release Rate

1.4. Energy Release Rate: Griffith’s Analysis

Introduction

| 1 ]

e For thin plates, A = 5. So,

[ ra’to?
| Er =
i .
2 T « ion” , surface takes
Food For Thought his as,
@ What would a “safe size” of crack be, for a = daty.
Simplistic pict given loading condition? Hint: Think

in a stretched -
2009) incrementally

oc~0i framework?

e What type of an experiment would be
o Becaus necessary to confirm this mathematical

Er,

o Corresponding energy loss:

o2 2a% \to?
ER = VA X (ﬁ) = T
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Introduction Linear Elastic Fracture Mechanics

1.5. Linear Elastic Fracture Mechanics

Introduction (Ref: Sec. 8.4.2 in Sadd 2009)

Consider the following two cases.
Question: Where will the point of peak stress occur? And which will have
higher maximum stress?

Case 1 Case 2
T, . e e N,
ERENEEA g -
a = - ;e
s pul .
[ N g
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Introduction Linear Elastic Fracture Mechanics

1.5. Linear Elastic Fracture Mechanics

Introduction (Ref: Sec. 8.4.2 in Sadd 2009)

Consider the following two cases.
Question: Where will the point of peak stress occur? And which will have
higher maximum stress?

Case 1 Case 2
T, . e e N,
,_I,»._T__»-T-"L_j_ I,-»L “*'II “,4"
-~ \‘.‘4’ ‘7'1‘ o l'\.l—n-
-~ i - [
1 - s [
! LT H [
SN ChE 2GRN
— — — f—
- - / ]
\ x — t —
T e -
V. V.

Analytical Solution

2
1

2
or=T(1—1%), 00 =T(1+ %)

— [ou = 7]
v
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Introduction Linear Elastic Fracture Mechanics

1.5. Linear Elastic Fracture Mechanics

Introduction (Ref: Sec. 8.4.2 in Sadd 2009)

Consider the following two cases.
Question: Where will the point of peak stress occur? And which will have
higher maximum stress?

Case 1 Case 2

RERRR
T
I l‘“l‘:l'l

TTTTT7T N
V. V.
Analytical Solution Analytical Solution
or=T(1— %), 00 = T(1+ ) or =T(1 = %) + () cos(26), oo = ...

— [ou = 7] — [ram= 7]
v
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Introduction Linear Elastic Fracture Mechanics

1.5. Linear Elastic Fracture Mechanics

Introduction (Ref: Sec. 8.4.2 in Sadd 2009)

Consider the following two cases.
Question: Where will the point of peak stress occur? And which will have
higher maximum stress?

Case 3
Case 1
: FRERNER) —
,_I,,_I__,_T_,. <—l/ \\—» \“4-_
= e - .
- Ly !
H T | T L,
- < b O e 9 Lo
.y TR —
e A
V.
Analytical Solutic Jh
2 2
ar—T(l——) o9 =T(1+ ) or =T(1—"3)+(-)cos(20), o9 = ...
— =
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Introduction Modes of Fracture

1.6. Modes of Fracture

Introduction

(opening mode)

P
) “ Crack front
|
P
Mode 11 Mode 111
(sliding mode) (tearing mode)
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Introduction to Fatigue

2. Introduction to Fatigue

Concepts
@ Safe Life: RUL

@ Fail-Safe: Redundancy

Stress
amplitude
(S,)

Confidence limit curves

Tensile Stresses: The Goodman

Diagram

(Figure 15.2 from Megson 2013)
m
a

— 1 _ (2™
SaO

: Su

Mean curve,
—~

N cycles

(Figure 15.1 from Megson 2013)

The S-N Curve

Stress, 7y,

Endurance

AAAAAAAAAAAAAAAAAAAAAAAA [

Aluminium
alloy

10 107 10° 10* 10° 108 107 10°
Number of cycles to failure

(Figure from Megson 2013)
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Introduction to Fatigue The deHavilland Comet

2.1. The deHavilland Comet

Introduction to Fatigue

No aircraft has contributed more to safety in the jet age than the Comet.
The lessons it taught the world of aeronautics live in every jet airliner flying
today. — D.D. Dempster, 1959, in The Tale of the Comet

FIG. 7. VIEW FROM INSIDE OF FAILURE AT THE FORWARD ESCAE HATCH ON THE
PORT SIDE—COMET G-ALYU

(Figures from “De Havilland Comet” 2025)
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Introduction to Fatigue The deHavilland Comet

2.1. The deHavilland Comet

Introduction to Fatigue

No aircraft has contributed more to safety in the jet age than the Comet.
The lessons it taught the world of aeronautics live in every jet airliner flying

(The Tale of the Comet

FG. 12. PHOTOGRAPH OF WRECKAGE AROUND ADF AGRIAL WINDOWS—G-ALYP.

-_

FIG. 7. VIEW FROM INSIDE OF FAILURE AT THE FORWARD ESCAE HATCH ON THE
PORT SIDE_COMET G-ALYU

(Figures from “De Havilland Comet” 2025)
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Introduction to Fatigue The deHavilland Comet

2.1. Thq

Introduction to

. 12 pHOTO}

crack along top center line of fuselage

front fuselage separated at front spar
attachments in downward direction

rear fuselage
and tail unit
scparated at
rear spar

failure probably downwards
symmetrical with starboard
7 wing failure

main failure

between ribs.
12and 13

frame 26

peeling off failure
i‘mme 13a / framle 18

secondary cracking by bending
of center portion over outer portion

direction of propagation
of main cracks

top G of aircraft —————————
N o LT i — - —
2
g secondary
£ failure
ki

reinforcing
plates

port
| e

peeling off failures

skin pulled over rivets on window frame peeling off failures

Comet.
flying

17 2025)
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Introduction to Fatigue Miner’s Rule

2.2. Miner’s Rule

Introduction to Fatigue

@ Suppose at an operation level of o,,, 0., the fatigue life is NV and the
structure undergoes n cycles, Miner’s rule posits that & is the fraction of
life that has been consumed.

@ Suppose a structure undergoes multiple stress levels in its loading history,
the total fraction of fatigue life that has been consumed is written as

e The structure is expected to fail when this sum becomes 1.0..

Balaji, N. N. (AE, IITM) AS2070 April 16, 2025 12 /18



Linear Elastic Fracture Mechanics Griffith’s Analysis and Energy Release Rate

3.1. Griffith’s Analysis and Energy Release Rate

Linear Elastic Fracture Mechanics

o The total energy of a loaded elastic body is written as
= v - W .
~ O~

elastic  external

e Griffith’s principle: The energy lost due to the creation of a
cracked surface must be equal to the energy required for the creation
of the cracked surface.

e Surface energy is usually expressed as Fg = Avy.

e This is a general principle agnostic of the exact structure under
consideration.

dll

G:_ﬂ:

Y|

Balaji, N. N. (AE, IITM) AS2070 April 16, 2025 13 /18



Linear Elastic Fracture Mechanics Griffith’s Analysis and Energy Release Rate

3.1. Griffith’s Analysis and Energy Release Rate:
Examples

Linear Elastic Fracture Mechanics

Crack in Stretched Specimen Double Cantilever Beam (DCB)

Tl

|
o , 8

(Figure 4.14 in Gdoutos 2005)

(Figure from sec 2.5 in Kumar 2009) o3

eu=CP=2p =

3ET 3EI'
@ Crack: A =2at, 04 = %8
oU—ﬁ—CPQ— P2 a3

e II=U= QE,(Atot—4/\a ). W_ ]23 B CQ'PZ_ 3E1£2 :’3

dES = u= _23E1a7
o Es—Z.A’y, = 27. H_ficif?f:ﬂa?

— _Ldj _ a2
° G= % da — 2677 - o A=aB, 9a = 50a.
E'y 2E’ dll _ P?2dc _ P3%ad% _ 12P%d>
@ 0er =\ 3G TV ma © G=—01=55% = BIE — BT )
V.
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Linear Elastic Fracture Mechanics Griffith’s Analysis and Energy Release Rate

3.1. Griffith’s Analysis and Energy Release Rate:
Examples

Linear Elastic Fracture Mechanics

Additional Cases to Consider

Crack in Strel P Fer Beam (DCB)
T o [
h
- ' i N
- !
P Gdoutos 2005)
(Figure from sec 3
(Figure 4.23 from Gdoutos (2005) 5 C= 3?1%[
e Crack: A= 2a ‘
2
m . P a3
5 -
_ 77 _ o’t T 3EI "
o lI=U= (. ( h. _ 2P? 3
— 7101 s
5 T Q I {h_ = 31:;)
o Fg = ak, 2
Y dA m X SWEIG’ .
e (G = _% = f a j b ; L 0,
/ (Figure 4.20 from Gdoutos (2005) 2 2 2 2
¢ oo = /52 - o - 2 —
a Jda EIB EBZh® |
g
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Linear Elastic Fracture Mechanics A Primer on 2D Elasticity

3.2. A Primer on 2D Elasticity

Linear Elastic Fracture Mechanics

e In 2D, the governing equations of elasticity (let us assume no body loads
for simplicity) are written as,

Oz + Toyy =0, Toya +0yy =0.

o If we seek to obtain solutions expressed directly in the stresses, 2
equations won’t cut it (we have 3 unique stresses o, Oy, Tgcy). So we

invoke strain compatibility, which is written as ool Thoms ore oo
v that the strains must satisfy in

order for them to have been
generated by a continuously
differentiable displacement field.

‘ Ezyy T Eyax = Vaoyzy

@ This can be expressed in terms of the stresses if we invoke the
stress-strain constitutive relationships.
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Linear Elastic Fracture Mechanics

A Primer on 2D Elasticity

3.2. A Primer on 2D Elasticity

Linear Elastic Fracture Mechanics

Plane Stress

Ex 1 v 0 Oz
1
ey | = ol 0 oy
Yoy 0 0 2(1+4v)| [Tay
Compatibility

ox,yy T oy,ex —v(oz,ze +oy,yy) = 21+ V)Tay,zy-
v

Plane Strain

£z 1ty 1—v —v 0 o

gy | = 1) v  1—=v 0] [oy

Yzy 0 0 2| | Tay
Compatibility

(A =v)(oz,yy toy,za) —v(oz,azx +oy,yy) = QTmy,mv/-J

e Making the substitution o, = ¢ 4y, 0y = ¢ 22, Toy = —@ 2y, it is trivial to
see that the equilibrium equations are satisfied automatically.

o In both the above cases, the compatibility equation comes out to be:

(b,x:caca: + ¢,yyyy + 2¢,xwyy = (89696 + ayy)QQb - v4¢ = 0.

e Since the Laplacian when set to zero (V2¢ = 0) is referred to as the
harmonic equation (recall complex analyticity), V4¢ = 0 is referred to
as the bi-harmonic equation. ¢ is the Airy Stress Function.

Balaji, N. N. (AE, IITM)

AS2070
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Linear Elastic Fracture Mechanics Classical Solutions of Fracture Mechanics

3.3. Classical Solutions of Fracture Mechanics

Linear Elastic Fracture Mechanics

o Restricting ourselves to 2D problems, the governing equations may be
written using the Airy’s stress formulation as the biharmonic equation

Vi =0

o Let us look at this with cylindrical coordinates.

Vo=[e e [‘H Vi = [e, ¢ [ Z;Zﬁi} H

ug r IS

V2o=le, e [

e The stresses are expressed (to satisfy equilibrium) as

br | o0
Opp = - + 2
T T

09y = ¢,TT‘7 Tro = _ar(
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Linear Elastic Fracture Mechanics

Classical Solutions of Fracture Mechanics

3.3. Classical Solutions of Fracture Mechanics

Linear Elastic Fracture Mechanics

° General form of the Airy’s Stress Func- by be
tion (Michell Solution, see Sadd 2009) hation
& =agp + a1 logr + asr? + asr’logr
(ay + aslogr + agr? + azr?logr)f
° (a11r + ararlogr + it} + a147® 4 a1570 + ai6r0log ) cos 6
r
b
(b1 + biarlogr + a3 biar> + b1s570 + bigrflogr) sind T]
r
0
Z(anﬂ”" + Anar® " 4 apgr ™" + apar®™") cosnf }
n=2 :
o Z(bm?“n 4 bpor? T £ by + bn4r2*”) sin nf.
n=2
O .00 b0
Oppr = + ¢ PR 09y = ¢,TT‘7 Tre = _ar( )
r r r
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Linear Elastic Fracture Mechanics Classical Solutions of Fracture Mechanics
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