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We have to make a choice!

Red Pill Blue Pill

0ij = Cijki€rt € =

14
Oz — E(”y +oy)
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Mathematical Rudiments

1.1. Indicial Notation I

1. Mathematical Rudiments

Indicial Notation

Einstein’s Summation Convention: Dummy Indices

n

s =aix1 +axx2 + -0 = E AiT; = QT = AxTk = AmTm

=1

Consider o = a;jxixj, v = vie4, 2 = Tijeie;

Free Indices

Y1 = a11%1 + a1222 + a13x3
Y2 = a21T1 + a22%2 + a23T3 ) = Yi = AT,
Ys

= a31x1 + az2x2 + azzws

Consider Tj; = Ajm Ajm
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Mathematical Rudiments

1.1. Indicial Notation II

1. Mathematical Rudiments

Indicial Notation

The Kronecker Delta

1 1=9
83 :gi'giz{o i#;

Consider Cijkl = 6ik5jl7 Cijkl = 5il6jk~

The Levi-Civita Symbol

1 if {(4,5,k)} € {(1,2,3),(2,3,1),(3,1,2)}
cije =g, (e; X g) = =1 if {(4,5,k)} € {(3,2,1),(2,1,3),(1,3,2)}
N 0 otherwise
€ijkei

Consider a - (b X ¢), AF.

=}
Balaji, N. N. (AE, IITM) AS3020%* August 19, 2025 5/52




Mathematical Rudiments Indicial Notation

1.1. Indicial Notation IIT

1. Mathematical Rudiments

Property: €ijk€mnk = 0im0in — dindjm

€ijkemnk = (€ijker) * (€mnkey) = (gi X gj) (e X e,)

m =n

1, e, Xe;=¢e, Xe

€
(gixgj)~(gm><§n): 1, e;xe;=—e,Xe, =¢,Xe,
0, otherwise

Consider (a x b) - (¢ X d) (Lagrange’s identity).

Derivative Notation

Bui

8I£j

Consider Vu, V- u, V xu, V.xQ

= Ui
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Mathematical Rudiments Indicial Notation

1.1. Indicial Notation IV

1. Mathematical Rudiments

Exercise

Vu, V- (Vu), V- (Vxu),VxVxuV- g
_\,_/ -

v2u

Vectors, Tensors

is ija s
u=u'é;, T =T"7é¢;

Consider:
@ Order of a tensor e “Notational abuse”
@ Vector-components as first order tensors @ Symmetric, antisymmetric tensors
@ The tensor product and 2nd order tensors @ Antisymmetry as a cross product
@ Tensors as defining an operation @ Representation of Eigen-decomposition
@ Identity tensors @ Calculus: Gradient, Divergence, Laplacian,
e Coordinate transformation Curl, curvilinear coordinates
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Mathematical Rudiments Matrix Algebra in Indicial Notation

1.2. Matrix Algebra in Indicial Notation

Mathematical Rudiments

Indicial notation leads to some very nifty tricks while dealing with classical matrix algebra.

Consider the following:

Determinant of a Matrix is Written as a scalar
triple product of its columns or row vectors:

An A Ags
A=Az Az Asz| — Ajj.
Az1 Aszz Ass
det(4) = (Ariei X Azje;, Asper) = €ijiA1iAz; Ask

= (Ajei X Ajoej, Apzer) = €ijrAinAjaAgs.

v

The derivative of the determinant is simplified as

Rows(Columns) of the adjoint of a
Matrix can be written as the
components of the cross product
of the remaining Column(Row)
vectors

Adj(A)ri = €ijrAj2 A, and

Adj(A)ir = €ijrA2; Ask.

You should be able to verify easily that
Adj(A)A = det(A)L.

d d
%(det(é)) = —(eijnA1iAgjAsy) = €iji (A/h’AZjAsk —+ AliA;jA:ik + AqujAék)

dp

Adj(A)ir AL, + Adi(A) ;2 A%, + Adi(A)rs Ay, = Adj(4)i; A,

= trace(Adj(é)ijA;k) = trace(Adj(A)A").

This will turn out to be quite an important result later on.
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Mathematical Rudiments Some Multi-Variate Calculus

1.3. Some Multi-Variate Calculus

1. Mathematical Rudiments

Differential Calculus
@ Scalar, vector fields
@ Gradients, directional derivative
@ Divergence, Curl

@ Curvilinear coordinates: The
divergence has to be
coordinate-independent
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Mathematical Rudiments Some Multi-Variate Calculus

1.3. Some Multi-Variate Calculus

1. Mathematical Rudiments

Curvilinear Coordinates

@ Scalar field ¢ gradient:

9 09
0p = —ox —dx
¢ = Dy 011 + B T2
Differential Calculus o O
= —‘b& + 74559
@ Scalar, vector fields or o0
i di i 1 ivati @ Polar bases
@ Gradients, directional derivative o Zhe, + Soe, = e, = d0e,
@ Divergence, Curl ey = —Spe, + Coey, => be, = —b0e,.
@ Curvilinear coordinates: The
divergence has to be @ Position vector
coordinate-independent r = d0re, + rie,

= dre, + rébe,

@ For 6¢ = V¢ - or,

09 10¢
Vo= Grert g
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Mathematical Rudiments

1.3. Some Multi-Variate Calculus

1. Mathematical Rudiments

Differential Calculus

Scalar, vector fields

@ Gradients, directional derivative

Divergence, Curl

Curvilinear coordinates: The
divergence has to be
coordinate-independent

Balaji, N. N. (AE, IITM)

Some Multi-Variate Calculus

Integral Calculus

@ The line integral: [ F - dx
Potential theory:
IBD Fidz; =0 —
° Fi = ¢,i and Eiijk,le =0
e F=V¢and VX F =0

@ Gauss Divergence Theorem
Jp Pijk....idD = [5n Piji.. dA;

@ Stoke’s Law:
JA(V X F) dA= [, F-dz
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Mathematical Rudiments Some Multi-Variate Calculus

1.3. Some Multi-Variate Calculus

1. Mathematical Rudiments

Stoke’s Law as a Special Case of Gauss Divergence

in 2D Pus
dx
/ (Vxuv)- d§:/ €ijkvk, ;i d| S|
Diffe S s
@ Scalar, vect = /S (eiguive) ;d|S| J_lg =0
@ Gradients, - -
:/ €ijrnivEb;d|L] porem
@ Divergence, a8 k.. dA;
° (Cif.urvilinear =/ (eijkﬁil;j) v d|| 3
ivergence 08 e — " dz
coordinate- L
nxb
=/ 'Uktkdla = / v-dl
a8 as
V.
o
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Mathematical Rudiments Some Multi-Variate Calculus

1.3. Some Multi-Variate Calculus

1. Mathematical Rudiments

Integral Calculus

@ The line integral: [ F - dx
Potential theory:
IB”D Fidz; =0 —

o Fy =¢ ; and €, Fi jlp =0
@ Scalar, vector fields o F=Vpand VX F =0

Differential Calculus

@ Gradients, directional derivative .
@ Gauss Divergence Theorem

@ Divergence, Curl Jp Pijk....idD = [5n Piji.. dA;
@ Curvilinear coordinates: The @ Stoke’s Law:
divergence has to be IA(V X F)-dA = fBA F-dx

dinate-ind dent .
coordinateminaependen @ Determinant of a Tensor

ergk AF = €k Fir Fj g Fri

o Related to volume change through
transformation

o
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Deformations and Strain  The Basic Premise

2. Deformations and Strain

2.1. The Basic Premise

How to describe the change in shape independently of rigid body motions?

- = o The deformations are mapped as

Lagrangian z; = z;(X)
Eulerian X; = X;(z)

o Under the Lagrangian description we have,

2 Fir
—~ =

{E;}i=1,23 Length ds? = dx;dx; =

dz; Oz,
dx; [ax, —(,,XJ] dX;

Angle dsidsz cosf = dxidx; =
How does dX transform dz; Oz ]
into dz? dXy I:BXI X 5 Xy

z=X+tu
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Deformations and Strain  Coordinate Transformation

2.2. Coordinate Transformation

2. Deformations and Strain

o A vector v is written as
vV = Vi€,
and is defined as a linear combination of the bases of its vector-space.
o Suppose | have another coordinate system spanning the same vector-space, this comes
with its own set of basis vectors {b;}i=1,....n-

o If the vector represents a physical/geometrical measurement, it can not change based
on coordinate system, i.e., it is coordinate invariant.

@ So, the following equality must hold:

v = ve;

€ = UT.Q“

with v; and 7; being the components of the vector under the different coordinate
systems.
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Deformations and Strain  Coordinate Transformation

2.2. Coordinate Transformation

2. Deformations and Strain

e Assuming that both {e;} and {b,} represent orthogonal coordinate systems (inner
products (e;, e;) = (b;, b;) = d;5), we write down:
vi = (v, 6;); Ui = (0,b;).
o Evaluating v; we obtain,
Vi = (vje;,b;) = (by, €5)v;
Denoting (Qi,gj) = Qij, we get our component tranformation law for a vector:

How can I combine the ¢;’s to obtain the b,’s ?

o How should I combine them so that my vector is invariant?
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Deformations and Strain  Coordinate Transformation

2.2. Coordinate Transformation

2. Deformations and Strain

e Given the 7; = Q;;v;, and the requirement v;e; = v;b; , we write (after swapping i <> j

in LHS),
Qjivib; = vie; = Qjibj =¢;  (multiply both sides by (Q™")ix)
Sk
—1 —1
Qyi(Q7 )ik b; = (Q7 )iey
= b, = (Q 7 Y)jig;

o Comparing the two, we have

e This is a necessary requirement so that the vector remains invariant.

Balaji, N. N. (AE, IITM) AS3020%* August 19, 2025
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Deformations and Strain  Coordinate Transformation

2.2. Coordinate Transformation: Array Notation

2. Deformations and Strain

e Now we introduce the Array Notation for vectors. Let v be a vector. The array of its

components with respect to the basis {e;} is written as,

(v, €1)
(v €9) (similarly for 7).

v =

o We also define the array of coordinate vectors as
b

€
€ol . b=

o
Il

“contra-varies” w.r.t.
in comparison with
b and e are related.
"= v are the
contravariant
components of v.

S]]

s
ow

j=piisg

o Under this notation we have,

August 19, 2025 14 /52
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Deformations and Strain  Coordinate Transformation

2.2. Coordinate Transformation: Tensors

2. Deformations and Strain

o We will define a (2nd order) tensor as a linear combination of basis-dyads:
2 = Tijﬁiﬁj = Tijbibjw
where we have required T to be invariant under coordinate change.

e Using a double-contraction operation, we write down the components of Tij as,

Qi
_ —
Tij =Tmn (biv@m) (ijén)
——
Qim
. . F t to b
e In array notation we write the components as, or a tensor 1o be
invariant, its
components have to
Q’]I‘QT X transform in this

fashion.
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Deformations and Strain  Coordinate Transformation

2.2. Coordinate Transformation: Summary

2. Deformations and Strain

Supposing I specify a basis change by

il

-7
=Q ¢

e for a vector v = v”Te to be invariant, its components have to transform as

= Qu.

S

o for a tensor T = Te® e to be invariant, its components have to transform as

T = QTQ”

o If it transforms in any other fashion, then invariance is not guaranteed, or in other
words, the quantity is not objective.
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Deformations and Strain  Coordinate Transformation

2.2. Coordinate Transformation: Relationship to Gradients

2. Deformations and Strain

‘We will now establish a relationship between coordinate transformation and
component-gradients. J

Consider an infinitesimal line vector dz = dx;e; = dz;b;.

o It is obvious that the components dz have to be related to the components dz. So we

write -
dz; = L da; (1)
Ox;
e By invariance requirements, we have
dz; = Q;jdx;. (2)
e Comparing eq. (1) and eq. (2) we obtain,
0T; —
Qij = ) Z or |Q=grad(z) grad(-) operator —
Lj ’—> gradient operation

Balaji, N. N. (AE, IITM) AS3020* August 19, 2025 17 /52



Deformations and Strain  Coordinate Transformation

2.2. Coordinate Transformation: The Deformation Gradient

2. Deformations and Strain

o The components of the deformation gradient are written as

Oz
T ox;

Fir

o Under coordinate change we have,
= 0z; Oxj 00Xy
T oz 0X, 90X,

“1 - 1
= Q§§”)FjJ(Q(X) Jor = |F=Q@rQX) ™|

0 0™ and QX) need not necessarily be the same (we are free to choose
measurement coordinates at each instant)

@ Q! =Q7 only for orthonormal coordinate systems (cartesian, for eg.). For
non-orthonormal bases, this is not so.
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Deformations and Strain  Coordinate Transformation

2.2. Coordinate Transformation: The Cauchy Deformation Tensor

2. Deformations and Strain

e Now we consider C = FTF. Under coordinate change this becomes,
C-FF= (Q@)FQ(X)*)T (Q@)]FQ(Xrl)
= X)) " TET @) T ) g ~!

@ Suppose we choose to stick with coordinate systems with orthonormal bases,
Q! = QT (for both (x) and (X)). Hereby the components matrix C reduces to

€ = QOFTRQO ™

...this is transforming like a tensor’s components!
So I can define the Cauchy deformation tensor as: C =CrjE;E;
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Deformations and Strain  The Strain Tensor

2.3. The Strain Tensor

2. Deformations and Strain

@ We are now ready to define the strain tensor based on length change. We wrote,
ds? —dS* = dXp (FiyFj; —615) dX
—dxT [[FTIF - 11] dX = dx7T[C -1 dX.

e For small changes in length, ds? — dS? = (ds + dS)(ds — dS) ~ 2dS(ds — dS).

o Representing the elongation as a fraction of the total length we write (ds — dS) = edS.
Using this we have,

2dS% = dXT[C —1)dX = 2dX7TdXe=dXT[C—IdX.

Here the single factor e represents what the matrix E = % [C —T] is doing in the
bi-linear form dXTEdX.

The matrix E represents the components of the Strain Tensor.
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Deformations and Strain  The Strain Tensor

2.3. The Strain Tensor: Infinitesimal Case

2. Deformations and Strain

Consider the operation Eu. Say, v = Eu.
v represents the components of a vector which can be arbitrarily oriented w.r.t.

o Consider some unit vector ¢ such that E¢ = A¢.
The operation of the matrix E leads to perfect stretching by a factor of A.

i

The pair (A, (?) are known as an eigenpair of E ¢ represents a principal direction.

e For 3D mechanics, we have 3 principal directions.
Consider the 2D case below:

ba $2

A1
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Deformations and Strain  The Strain Tensor

2.3. The Strain Tensor: Infinitesimal Case

2. Deformations and Strain

e dXTEdX represents elongation/shortening of length without regard to orientation
changes.

e For considering orientation change, it is not enough just to look at a single
line-segment.

o Let us consider 2 line-vectors d&u), d£(2) that are perpendicular in the
undeformed condition = (dX() dxX®) = axM dx® = 0.

e In the deformed condition, the inner product is
(dzM,dz?) = dX DT Cdx @ = dxMT2Edx (@),

e For small angle changes, the LHS simplifies as,
(dz), dz?) = |dzV||dz? | cos b ~ |dz®ldz®| (04 (0 = T)(=1) +...)
= 1dzM|ldz®| (5 - 0)

——
0l

dx®@ dz?)

ax@®
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Deformations and Strain  The Strain Tensor

2.3. The Strain Tensor: Shear Strain

2. Deformations and Strain

o Consider dX™ = [dXMle,, dX?) = |dXP|e,.
Then we have,
dXVTEdX® = |ax D |dX ) |E)2,
— i.e., the off-diagonal component F12.

@ So the complete equality is written as,

jdz™M][dz® |y = [dXD||dx ? |2E1..

Under the condition of no elongation (pure shear), the off-diagonal components measure
the angle-change.

e We will interpret it as being under the condition of small elongation.

Balaji, N. N. (AE, IITM) AS3020%* August 19, 2025 23 /52



Deformations and Strain  The Strain Tensor

2.3. The Strain Tensor: In terms of displacement

2. Deformations and Strain

Let us now express strain in terms of the displacement field u(X).

e We have z; = X; 4+ u;. So the deformation gradient is written as,

a .
Fir = - o
0Xr

=81 +us,1-
o Cauchy deformation tensor is written as (with components C = FTF),

Crg=FyFiy =015 +urjg+uyr+uiug,;.

e From this, the strain tensor is written as (with components E = %((C —1))

B 1 our ouy Ou; Ou;
=9 ax, " ax; X1 0X s
—_——

ignored for small strain

o Infinitesimal Strain Tensor: E;; = %('LL]’J +ugr).

Balaji, N. N. (AE, IITM) AS3020%* August 19, 2025
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Deformations and Strain  The Strain Tensor

2.3. The Strain Tensor: Volume Change

2. Deformations and Strain

o Consider three arbitrarily oriented vectors dﬁ(l), d&g), dX(S) in the undeformed
configuration. The volume that they describe is given by

AV = ergrdXMaxPax?).
o Upon deformation, using the same notation as above, the volume becomes
dv = €ijkd$§1)d$§-2)d$l(€3).
Using the deformation gradient to write this out (dz = FdX), we have
dv = ek Fir Fj g Frre dX MV dx P ax (P
—_—
o We have previously seen that ¢;;,Fi1 FjjFpix = €1 i det(F). Substituting this in the

above we get,
dv = erydet(P)dx M axPax ) = det(F)av.

o J := det(F) is known as the Jacobi determinant. | dv = JdV
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Deformations and Strain  The Strain Tensor

2.3. The Strain Tensor: Infinitesimal Volume Change

2. Deformations and Strain

e For the infinitesimal case, the deformation gradient component matrix is expressed as

F =1+ eVu,

where € > 0 is some small number (e < 1).

e Since € is small, we will try to expand out J as a Taylor series in € about € = 0:

J(e) = J(e=0)+eﬂ

2
= + O(e%).

e=0

Derivative of Determinant

d ) dM
o (det(M)) = trace <Adj (M)%)

For invertible M, Adj(M) = JM ™",

o This simplifies as,

J(€) = det(I) + ¢ (J(e = 0)trace (1[71Vu)) +O(2) = 1+ etr(Vu)
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Deformations and Strain  The Strain Tensor

2.3. The Strain Tensor: Infinitesimal Volume Change

2. Deformations and Strain

o Undeformed volume is , deformed volume is | d JdV' |. So relative change in

volume is

dv —dV
s S
dv
e For the infinitesmial case J &~ 1+ tr(Vu) (we have set u — eu here). Substituting, we get
dv—d
’UT‘/‘/ = tr(Vu) =urr = E[] == tT‘(E).

e So the trace of the strain tensor is the relative volume change.

In Summary we have, for the strain tensor,
@ Each diagonal element corresponds to stretching/compressing,
@ Off-diagonal elements correspond to shearing,

@ Trace (sum of diagonal elements) corresponds to volume change.
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Deformations and Strain  The Strain Tensor

Summary

2. Deformations and Strain

o We have defined the deformation gradient F and the strain tensor E.

e Notice: Under no deformation, if you just changed the coordinate frame of observation,
F will change, but £ will not.
Rigid Body Motion
z = ¢+ R(X — Xo)
@ What is the deformation gradient here?

@ What is the infinitesimal strain tensor here?

@ What is the finite strain tensor here?

o What should the material respond to? What is the quantity that the material wants
to resist?
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Deformations and Strain Strain Compatibility

2.4. Strain Compatibility

2. Deformations and Strain

Necessary Reading
Read Section 1.10 in Megson (2013) J

@ Since strains are defined based on the displacement field, the different strain
components are related.

e For the infinitesimal case we have: 2F;; = u; ; + uj ;.
We want to manipulate this such that we get an equality fully expressed in the
strains alone.

e Differentiating by X} and premultiplying by €;,, we have,

0 - -

We differentiate thisa by X; and premultiply by €;;,, to get:

0 .
2€51n€jkm Eijmn = 6]‘ka—> free indices: k,l
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Deformations and Strain Strain Compatibility

2.4. Strain Compatibility

2. Deformations and Strain

e The compatibility equation | €,,k€nii Fijmn = 0 | represents a 3 x 3 system of 9

equations.
e We have two symmetries: E;; = Ej; (strain tensor symmetry), and E;j 1 = Ejj 1,

(strain continuously differentiable).
Applying this can convince us that the equation is also symmetric. So we have
@ = 6 unique equations.

o In component notation, these can be written out as,

(k1) = (1.1) Fag 33 + E3320 = 2F23 03,) Fho 33 + F13,20 = F12,23 + F23,12

(ko) = (2.2) 33,11 + E11,33 = 2E13,38,) Faggp + F12,33 = Ei3,23 + E23.13

1) = (3,3) Ey1,20 + Foz11 = 2E12,gk2,,l) =E(1213%3 + E23,11 = E12,13 + E13,12

The strains have to satisfy these conditions for them to “have been generated” by a continuously
differentiable displacement field. J
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Stress and Equilibrium

3. Stress and Equilibrium

Force is a vector. Area is a vector. What is pressure (F/A)?

o Consider a small area AA in a cut-section of an elastic body as shown. The traction
vector t is the limiting force

. AF
lim —.
AA—0 AA

t=

F2 F

Figure from Lai, Ru-
bin, and Krempl 2010

Figure from Lai, Ru-

bin, and Krempl 2010
o By pasrcrorcesparanceargurmrents, we can argue that the relationship between the

traction vector and the normal vector to the chosen area has to be linear.

Cauchy Stress Tensor: oijeie;
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Stress and Equilibrium

Force Equilibrium

3. Stress and Equilibrium

e Consider the forces on a small volume dv in the deformed configuration (denoted
Qq):
Body loads de fi(z)dv
Surface tractions faﬂd t;d|al

e Static equilibrium is written as

/ O’ijda]' +/ fidv = 0.
29, Qq

Applying Gauss divergence, this simplifies to,

fy s =0 = [ 70}
d

o This is the static equilibrium equation.
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Stress and Equilibrium

Moment Equilibrium

3. Stress and Equilibrium

o We next consider the balance of the moments of forces on the same differential element.

/ Eijkmjo'kldal —‘r/ Eijkxjfkd’l) =0.
0Q g N—— Qq

xxtd|al

e Applying Gauss divergence again we get,
/ €ijk((Tiom) 0 + x5 fr)dv = / €ijr (0100 + ﬂfjw dv =0
Qq Q4

which is an assertion of symmetry of the stress tensor.

o Note that we have assumed the absense of body moments here.
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Stress and Equilibrium

3.1. Stress Work Done

3. Stress and Equilibrium

o Let us now consider the work done by the stress. For convenience, we start with the
rate of work done: forcexvelocity .

@ On the infinitesimal element we have,

v

Stress Work Done

— / O’ijllidaj + / fitidv.
dt 29, Q

o Application of Gauss divergence leads to,

dU . . . .
- :/ (azjul)]—i-fluzdv:/ OijUq,j5 +’U,i(0'"7' 7 dv
dt Qq ) o

e The power density is written as,

Balaji, N. N.

(AE, IITM)

v _
dt

% 9X; O,
Qy 1 Oz

au

dt

= 0ij(F

“YyriEir |

AS3020%*

ou; 0Xg

v

~——
Fir (F=1)p;

August 19, 2025

34 /52



Stress and Equilibrium Stress Work Done

3.1. Stress Work Done: Non-Dissipative Solid

3. Stress and Equilibrium

e For a general non-dissipative solid, the work done must be path-independent, i.e., the
contents of the energy integral must be an exact differential of the conserved quantity
(stress/strain energy).

o Here we have,

/ @dv = ou Fild’u :/ o’ij(]F_l)]jF”dU.
Q, dt Q, OFir Q

o It must be noted that the domain of integration, 4 is also deformation dependent,
making this inconvenient. So we map everything back to the undeformed
reference (denoted ):

/8Fl[ ZIdet )dV = /0'” - l[det(]F)dV
1 au 1 au

= |oy=— T Fg| - Hpr
79 = Get(F) 0F,; 0! 27 det(F) oF
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Stress and Equilibrium Stress Work Done

3.1. Stress Work Done: Non-Dissipative Solid under infinitesimal strain

3. Stress and Equilibrium

e For the infinitesimal strain case, it can be shown that the above expression simplifies to,

o Intuitively, under this condition, the deformed and undeformed coordinates are almost
the same. Mathematically, this can be worked out by using a perturbative formalism
by setting u — eu.
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Constitutive Relationships

4. Constitutive Relationships

We have developed tensor-representations of both the stress, o = Tij€;€; and strain,

E = Eijgigj. We are now interested in relating the components of the two.

o The most general linear relationship that one can assume is

0ij = Cijri Exy.

o If the system is non-dissipative, then the stress must be expressible as 0;; = DBTM So,
ij
oU
— - = Cijrl-
6Ei]' BEM

@ Since we expect a smooth energy density, the indices (,7) and (k,1) must be swappable.
This represents the first symmetry property of Cyjx; (4,5 <> k,1).

@ Since stress and strain are also symmetric, the following index-swaps must be
permissible: ¢ <> j, k <> [.
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Constitutive Relationships

Simplification Arguments

4. Constitutive Relationships

o In summary we have the following roadmap for simplification:

General Case Cijri 3 x3x3x3=381 terms
Stress-Strain Symmetry P45, kel 3(374-1) X 3<ng = 36 terms
Non-dissipativity, smoothness | (i,7) < (k,1) @ = 21 terms

e Suppose the material is isotropic, then the components Cj;; are invariant under
coordinate transformations. This means that it must be composed of §.. symbols.

o Under symmetry, we have 3 unique combinations:
0i50kt,  Oikdj1, 640k,

and we write:
Cijri = 16450k + 020105 + 30195

o Applying this to the stress-strain relationship, we get:

oij = o10ij B + 0By +asly;, = | 055 = X Epg + 2045 |
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Constitutive Relationships Mohr’s Circles

4.1. Mohr’s Circles

4. Constitutive Relationships

Consider a 2D case with g = [011 UIQ} .
~ 012 022

o Consider a plane section with normal 1 = [cos@ sin 9]T

R . T

s§= [751119 cos@] .

o The traction vector is given by t = gn:

. The perpendicular is denoted

‘= o11cos0 + o12sin 6
= |o12cosf + ooosinf| °

o This is resolved along the (7, §) directions by the coordinate transformation,

on] _ [aT . L0224 112022 0520 + 05 sin 20
Ts T~ 7%s1n29+012c0529
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Constitutive Relationships Mohr’s Circles

4.1. Mohr’s Circles

4. Constitutive Relationships

e Now we consider two infinitesimal lines initially oriented along # and £ (dSn, dSi).

e dSn experiences the elongation,

ds —dS
BB _ATER = €.
ds
@ The shear strain between them is,
vs = 2t" Ed.

Simplifying, we get

€| _ % + @COSQ@-{-ElQSiHQG
Vs o 7(E11 7E22)Si1’129+2E12 cos 20
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Constitutive Relationships Mohr’s Circles

4.1. Mohr’s Circles

4. Constitutive Relationships

@ When no shear load/response is observed, these reduce to,

E11+E22 + E11—FBas o c0g
2

on 011;-022 + 011;’722 cos 20 €
|: } - |: :| - (E11 — E52)sin 20

Ts — % sin 20 ’ Vs

o For a linear-elastic material, causal links may be made between o, <+ €y and 75 <> 7s.
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Constitutive Relationships Linear Isotropic Elasticity

4.2. Linear Isotropic Elasticity

4. Constitutive Relationships

o From basic arguments one can motivate

1
E = R %(022 + 033).

o For the 2D case under pure tension,

E ! v E Y o1y +
= —o011 — —022, =——0 —0922.
11 I3 11 E 22 22 I3 11 I3 22

e For some section oriented by angle 6 we have,

. 1+v .
vs(0) = —(F11 — Fa2)sin20 = — 15 (011 — 022) sin 20,
—_—————

27g

1+v

Ts |-

which implies, | vs(0) = 2

e FE: Young’s Modulus, v: Poisson’s Ratio, and G = 2(17]1”): Shear Modulus.
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Constitutive Relationships Linear Isotropic Elasticity

4.2. Linear Isotropic Elasticity

4. Constitutive Relationships

e We have also spoken about volume change. In terms of strains this is,

dv —dV
———— = E11 + Eo2 + E33
dv
1-—- 21/( " " )
= o o 033).
I 11 22 33
1—2v
o In other words we have E;; = ko;;, where | k = 5 , the bulk modulus.

o From physical arguments, it is clear that £ > 0, which implies v < 0.5, which presents an
upper bound for the Poisson’s ratio.

The shear modulus must also be positive. So we have

o In summary we have, | v € (=1,0.5) |, | E >0 |.

ﬁ > 0, which implies

which presents a lower bound for the Poisson’s ratio.
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Constitutive Relationships Linear Isotropic Elasticity

4.2. Linear Isotropic Elasticity

4. Constitutive Relationships

e In tensor notation, this can be written as,

1
Eij = £ (A +v)oij —vourbij].
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2D Problems

5. 2D Problems

e In 2D, the governing equations can be written as,

o11,1 + 0122+ f1 =0
012,1 + 0222+ f2 =0.

e Differentiation the first by X7 and the second by X2 leads to

011,11 + 022,22 + 201212 + f1,1 + fo,2 = 0.

Strain Compatibility equations in 2D reads:
2F1212 = E11,22 + Fo2.11

o We, however, need compatibility in terms of stresses, not strains. Now we formalize the
notion of two dimensions:

Plane Stress o33 =0
Plane Strain F33 =0
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2D Problems

The “Plane Stress” Case

5. 2D Problems

o Here, we assume o33 = 0 (but E33 # 0 in general). So the stress-strain relationships are,

By = 1 v By — 1 v
1= pon = o, Ep=pon-oon
1+v v

2F12 =2 o12, K33 = _E(Uu + 022)

@ Substituting this into the compatibility equations we get,

. 2(1+v)

7 01212 =

((011 —v0922) 99 + (—vo11 + 022),11>

E ((o11,22 + 022,11) — V(011,11 + 022,22))
o Combining the two we get,

011,11 + 011,22 + 022,11 + 022,22
’ ’1+u 7 =+ frat fo2=0=> 045 + (L+v)fii =0}
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2D Problems

The “Plane Strain” Case

5. 2D Problems

o Here, we assume E33 = 0 (033 # 0 in general). So the stress-strain relationships are
simplified as,

033 — v(o11 + 022)

E33 = -5 =0 = o33 =v(o11 +022),
o11 v 1—02 v(l+v
= E11:F—E(022+U33): 5o (E )022
0929 v 1—0v2 v(l1+v)
= FEyo = — — — (011 +033) = 022 — o
22 i E( 11 33) 5 22 ) 11

e Substituting this into the compatibility equations we get,

— —012,12

2(1+v) 1+v
E E

(((1 —v)oi1 — 1/0'22)’22 + (—vo11r + (1 — I/)O'Qg)yll)

1+v
= (T =v)(o11,22 + 022,11) — V(011,11 + 022,22))

e Combining the two we get,

1

(I =v)(o11,11 + 011,22 + 022,11 +022,22) + f1,1 + fa,2 = 0=> | 045,55 + :fzz =0|
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2D Problems The Airy’s Stress Function

5.1. The Airy’s Stress Function

5. 2D Problems

@ We can now combine both the governing equations and the compatibility
equations, so we can write out the solution fully in terms of stress only.

e For the homogeneous case (f; = 0), we have (for both plane stress and plane strain),

02 0?
(8X12 + Bng) (011 +022) = 0. (3)

o We introduce the Airy’s Stress function ¢ that simplifies the system of two PDE’s into a
scalar PDE by the substitutions:

¢ ¢ 0¢

011 1:@7 0'221287)(127 Ulziz—m-

(it is easily verified that this satisfies the governing equations cij,5 =0 by definition)

e Substitution into eq. (3) leads to

92 9% \? n
s e (4 Y om0, [T
1111 + 20,1122 + ¢ 2222 (8X12 + 8X§) o] o]

sometimes known as the Biharmonic Equation.
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2D Problems The Airy’s Stress Function

5.1. The Airy’s Stress Function: Tutorial

5. 2D Problems

o The Airy stress function can be used to solve problems with boundary loads. Consider
this simple example from your textbook:

Y

-

o, =2C

e Airy Stress Function: ¢ = Az? + Bxy + Cy?
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2D Problems The Airy’s Stress Function

5.1. The Airy’s Stress Function: Tutorial

5. 2D Problems

o Consider this second example from your text book (example 2.3):

g/unit area

Boundary Conditions

h
—- x 011 =022 =012 =0, y=
h o111 =012=0, y=~h
022 =—q, y=-—h

¥y

011 =022 =012 =0, x=

h
/ yoridy =0, z=0
h

with a candidate Airy stress function ¢(z,y) = Az? 4+ Bx2y + Cy> + D(52%y> — ¢°).

Balaji, N. N.

(AE, IITM)

AS3020%* August 19, 2025

50 /52



2D Problems The Airy’s Stress Function

5.1. The Airy’s Stress Function

5. 2D Problems

o It may be the case that the Airy stress function doesn’t meet all the boundary
conditions. In this case we find a stress function that approximately satisfies the
BCs in some sense.

e So is this completely useless? No.

St. Venant’s Principle (rephrased as in Lai, Rubin, and Krempl 2010)

If some distribution of forces acting on a portion of the surface of a body is replaced by a
different distribution of forces acting on the same portion of the body, then the effects of the two
different distributions on the parts of the body sufficiently far removed from the region of
application of the forces are essentially the same, provided that the two distribution of forces
have the same resultant force and the same resultant couple.
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2D Problems The Airy’s Stress Function

5.1. The Airy’s Stress Function

5. 2D Problems

Figure from Megson 2013
o It may be the ca A the boundary

; B
conditions. In th| Z |"* >b 4'| htely satisfies the
|
f
|

BCs in some s )
o

|
e So is this complg ’

L
|

“
Z
St. Venant ; — F(rempl 2010)
If some distribution o} Z BI A is replaced by a
different distribution d - en the effects of the two
different distributions om the region of
application of the for distribution of forces

have the same resulta
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2D Problems The Airy’s Stress Function
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