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Introduction

1. Introduction

The literature on nonlinear modal
analysis is reasonably mature.

Techniques have been developed to
use nonlinear modal backbones to
synthesize responses.

Primarily applied to steady state

Transient applications are limited

Non-periodic excitation very common
in practice.

Impulsive excitations
Broad-band random excitation
Narrow-band excitationa

aVickery, B. J. and Clark, A. W. “Lift or Across-Wind
Response of Tapered Stacks”. (1972).
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Methodology

2. Methodology

Goals

Given nonlinear modal characteristics, we want to synthesize responses to
near-resonant random excitation

Develop numerical experience and apply it to an experimental system

1 Introduction

2 Methodology
Nonlinear Modal Analysis and Synthesis
Stochastic Processes and Narrow-Band Excitation
The Fokker-Planck Equation

3 Applications
Numerical Examples
Experimental Test Case

4 Conclusions
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Methodology Nonlinear Modal Analysis and Synthesis

2.1. Nonlinear Modal Analysis and Synthesis
Methodology

Problem Setting: Numerical Model

M ü+ C u̇+K u+ fnl(u) = fex(t)

Replacing the excitation with a velocity-proportional self-excitation term, we
characterize the effective undamped nonlinear modes1:

M ü+ C u̇+K u+ fnl(u) = 2ζωM u̇

ω
π

2π/ω∫
0

uTM udt = q2
=⇒

ω(q), ζ(q), ψ(q)

u ≈ q
2
ψ(q)eıωt + c.c..

Modal Synthesis using Complexification Averaging

Under excitation of the form fex(t) =
fe
2
eıσ(t) + c.c., the response is written as,

u(t) =
q(t)

2
ψ(q) exp

(
ı(σ + β(t) )

)
+ c.c.

“slow” amplitude

“slow” phase

Amplitude-Phase Dynamics using Complexification
Averaging (CXA)

q̇ = −ζ(q)ω(q)q +
1

2Ω
ℑ{ψ(q)H fe e

−ıβ}

β̇ = −
Ω2 − ω(q)2

2Ω
−

1

2Ωq
ℜ{ψ(q)H fe e

−ıβ} −
(
σ̇ − Ω

)

1Krack, M. “Nonlinear Modal Analysis of Nonconservative Systems: Extension of the Periodic Motion Concept”.
(2015).
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Methodology Stochastic Processes and Narrow-Band Excitation

2.2. Stochastic Processes and Narrow-Band Excitation
Methodology

A Stochastic Process is the response of a dynamical system under random
excitation.

The simplest setting is the Wiener Process W (t):

dW =Wt+1 −Wt = η, η ∼ N (0, 1).

It has been shown2 that a narrow-band random excitation can be expressed as

f(t) = F cos(σ(t)), dσ = Ωdt+ νdW

by modeling the excitation phase σ as a stochastic process.

Introducing this into the amplitude-phase dynamics leads to the SDE:

d

q
β

 =

 −ζωq − F
2Ω

sinβ

−Ω2−ω2

2Ω
− F

2Ωq
cosβ

 dt+
 0

−ν

 dW
dy = f1(y)dt+ f2dW
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-0.02

0

0.02

0 1 2 3 4

-0.5

0

0.5

-0.5 0 0.5
0

0.5

1

-0.5 0 0.5-0.5 0 0.5-0.5 0 0.5

Narrow-Band Excitation Signal

2Dimentberg, M. F., Mo, E., and Naess, A. “Probability Density and Excursions of Structural Response to Imper-
fectly Periodic Excitation”. (2007).
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Methodology The Fokker-Planck Equation

2.3. The Fokker-Planck Equation
Methodology

Given an SDE of the form

dy = f1(y)dt+ f2dW

Fokker-Planck Equations provide a Partial Differential Equation governing
the diffusion of the joint probability density p(y):

∂p

∂t
= ∇ ·

(
f1p+

1

2
∇ ·

(
f2f2

T p
))

, i.e., ṗ = ∇ · J

Finite-Element Implementation

Using linear finite elements, this results
in

M ṗ = K p .

Stationary Solutions: zero-eigenpair of

(K − λM )p = 0

Special Note: The advective term ∇ · (f1p)
involves the first derivatives of ω(q), ζ(q), ψ(q)
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Applications Numerical Examples

3.1. Numerical Examples
Applications

SDoF Linear Oscillator

ẍ+ 2ζω0ẋ+ ω2
0x = F cosσ,

ω0 = 1 rad/s, ζ = 0.1%, F = 1N, Ω = ω0, bw = 0.03 rad/s
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(a) Transient Results

(b) PDF from Fokker Planck Equations

Center frequency
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Marginal PDFs
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Applications Numerical Examples

3.1. Numerical Examples
Applications

SDoF Frictional Oscillator

ẍ+ 2ζ0ω∞ẋ+ ω2
∞x+ fnl(x) = F cosσ

ω∞ = 1 rad/s, ζ0 = 0.1%,

F = 0.2N, bw = 0.25 rad/s
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3.2. Experimental Test Case
Applications

The Rubbing Beam Resonator (RubBeR)
( Scheel, Weigele, and Krack 2020)
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3.2. Experimental Test Case: Results
Applications
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3.2. Experimental Test Case: Nonlinear Modal Synthesis
Applications

(a)
Ω = 110Hz(691 rad/s), Bw = 5Hz(31 rad/s), V = 0.1V

(b)
Ω = 70Hz(440 rad/s), Bw = 5Hz(31 rad/s), V = 5.0V

Synthesis is displacement-based:
The acceleration data needs to be (filtered and) integrated
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Conclusions

4. Conclusions

It is possible to express a nonlinear system undergoing near-resonant
narrow-band excitation as a Stochastic Differential Equation in the
amplitude-phase coordinates

Numerical results show promise for the application of the Fokker-Planck
Equations for predicting the stationary solution directly: This presents a
novel use-case of Nonlinear Modal Analysis

The methodology seems to struggle with the presence of large damping:
In the micro-slip regime, the resonance properties vary strongly

Future Work

The influence of nonlinear modal backbone uncertainties on the synthesized probability
density (Uncertainty Propagation) may improve the applicability of the approach

Considerations for multi-modal response regimes
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